Introduction
It is known that every atom in a Bose-Einstein Condensates (BECs) moves in an effective mean field due to the other atoms and the mean field equation of motion governing the evolution of the macroscopic wave function of the Bose-Einstein condensate is the so-called time-dependent Gross- Pitaevskii (GP) equation [1] i ∂Ψ( r, t) ∂t = − 2 ∇ 2 2m + V ext ( r) + g|Ψ( r, t)| 2 Ψ( r, t), (1.1) where Ψ is the BEC order parameter, V ext is the external trapping potential and the coefficient g = with a(t) = − 2π a m , = 2m, the above GP equation in one dimension takes the following nonlinear Schrödinger equation with time-dependent nonlinearity [2] [3] [4] [5] Here the Feshbach-managed nonlinear coefficient a(t) can be redefined as a(t) = |a s (t)|/a B = g 0 exp(ǫt) (a B is the Bohr radius) [6] , which is also called the time dependent scattering length. In Eq.(1.2), time t
and coordinate x are measured in units 2/ω ⊥ and a ⊥ , where a ⊥ = ( /mω ⊥ ) 1/2 and a 0 = ( /mω 0 ) 1/2 are linear oscillator lengths in the transverse and cigar-axis directions, respectively. ω ⊥ and ω 0 are corresponding harmonic oscillator frequencies, m is the atomic mass, and the parameter ǫ = 2|ω 0 |/ω ⊥ ≪ 1.
Investigation of the behaviour of Bose-Einstein Condensates (BECs) requires solving an inhomogeneous nonlinear Schrödinger equation known as the GP equation [1] . Eventhough numerical solutions of GP equation are available [7, 8] , construction of analytic solutions will offer more insight into the domain of BECs opening the doors for developing concrete applications of BECs in future.
As we well know, it is significantly important in mathematical physics to search for exact solutions to equation (1.2) . Exact solutions play a vital role in understanding various qualitative and quantitative features of nonlinear phenomena. It is well known that searching for soliton solutions of the nonlinear evolution equations is one of the most important topics in soliton theory. Darboux transformation (DT) [9, 10] has been proven to be one of the most fruitful algorithmic procedures to obtain exact solutions of the nonlinear evolution equations.
The main aim of the present paper is to construct some infinite number of conservation laws, explicit bright multi-soliton solutions by using DT method, and investigate the modulational instability of solutions of a general form of nonlinear Schrödinger equation with time-dependent nonlinearity (1.2). In this paper, on the basis of the Lax pair associated with Eq.(1.2), we will derive an infinite number of conservation laws to identify its complete integrability. Furthermore, we will apply the Darboux transformation method to this integrable model and give the general procedure to recursively generate the bright N-soliton solutions from an initial trivial solution. Moreover, we will discuss the propagation characteristic and interactions of solitons under periodic plane wave background and analyze the linear stability of the nonlinear plane waves.
The paper will be organized as follows: In Section 2, based on the linear eigenvalue problem associated with Eq.(1.2) and an auxiliary 1D NLSE (2.2), we obtain a series of conservation laws.
Then the integrability is identified by admitting an infinite number of conservation laws. In Section 3, we will apply the Darboux transformation method to this integrable model and give the general procedure to recursively generate the bright N-soliton solutions from an initial trivial solution. The propagation characteristic of solitons and their interactions under the periodic plane wave background are discussed in Section 4.
In Section 5, we analyze the modulational instability of the nonlinear plane waves. Finally, some conclusions and discussions are provided.
Lax pair and infinite conservation laws
In this section, using the linear eigenvalue problem associated with 1D NLSE ( 
By virtue of the Ablowitz-Kaup-Newell-Segur scheme [11, 12] , the Lax pair associated with equation
2) can be derived as
where Φ = (φ 1 , φ 2 ) T (the superscript T denotes the vector transpose) is the vector eigenfunction [2] , and the matrices U and V have the following forms 
, the linear equations (2.3) can be transformed into the following Ricatti equation
with α(x, t) = 2iǫ − 2i + ǫλx − ǫx + iλ and β(x, t) = ǫλ − ǫ + ǫλ 2 x + 2iǫλ − ǫλx − 4iλ 2 . Substituting
f n β(x,t) n into Ricatti equation (2.5) and equating the like powers of β(x, t) to zero, we have a recursion formula
where f n (n = 1, 2, · · · ) are the functions to be determined. By virtue of the compatibility condition ln φ 1 xt = ln φ 1 tx , we obtain the following conservation form
where ρ k (x, t) and I k (x, t) (k = 1, 2, · · · ) are called conserved densities and conserved fluxes, respectively. The first three significant physical conservation laws are presented as
The conserved quantities J = 2ig 0
dx represent the energy, momentum and Hamiltonian, respectively.
Darboux transformation and bright soliton solutions
In this section, the Darboux transformation method is applied to this integrable model and the general procedure is presented to recursively generate the bright N-soliton solutions from an initial trivial solution. Based on Lax pair (2.3), the use of the Darboux transformation to construct the bright soliton solution of nonlinear partial differential equations is an optimum choice among various methods in soliton theory [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . Owing to its purely algebraic algorithm, with the symbolic computation, the analytical N-soliton solution can be generated through successive application of the Darboux transformation [31, 32] .
Darboux transformation
The Darboux transformation is actually a gauge transformation Φ[1] = T Φ of the spectral problem (2.3) by considering the following gauge transformation
where H is a nonsingular matrix. It is required that Φ[1] solves the same spectral problems (2.3)
2) 
Now we discuss a concrete transformation. It is easy to verify that if Φ = (φ 1 , φ 2 ) T is an eigenfunction of Eqs. (2.3) with eigenvalue λ = λ 1 , then (φ 2 , −φ * 1 ) T is also an eigenfunction of Eqs. (2.3) with eigenvalue λ = λ * 1 . Thus we take the matrix H in the form
Therefore, by means of Eqs. given by
It is straightforward to verify that the Darboux transformations (3.1) and (3.6) can simultaneously preserve the form of linear eigenvalue problem (2.3).
According to the above computation, we have the following propositions. 
We can obtain the same proposition about the auxiliary spectral problem. 
Theorem 3.3. Assuming that
with
where 
where
In case of N = n + 1, using Darboux transformation (3.6), one obtains
(with Eq.(3.11)) (3.13)
Based on the first equation of Darboux transformation (3.6), it is easy to obtain
From Eqs.(3.13) and (3.14), the conclusions of Eqs.(3.9) and (3.10) are hold for N = n + 1. This completes the proof.
Bright matter wave soliton solution
Bright soliton here is defined as the emergence of a positive pulse. Bright soliton solutions have been investigated by original Refs. [11, 27, 28] . In the following, the Darboux transformation is applied to construct the explicit bright soliton solutions of Eq.(1.2). Using the trivial solution ψ = 0 (u=0), we solve the linear equations (2.3) with λ = λ 1 = 1 2 (µ 1 + iν 1 ) and obtain the eigenfunction
where ξ 1 and η 1 are arbitrary constants.
The bright one-soliton solution for Eq.(1.2) are obtained as
by substitution of the above results into formula (3.6). It implies that the imaginary part ν 1 of the eigenvalue λ 1 determines the amplitude of the solitons ψ(x, t) and u(x, t), while the velocity of solitons are related to both real and imaginary parts of the eigenvalue λ 1 .
From above, we have the following propositions. 
where ξ i , η i are all complex constants and the parameters µ i , ν i 0(i = 1, 2).
Proof. It is straightforward to prove this proposition by using the initial values (3.15), (3.16) , and Theorem 3.3 for u = 0, N = 2. 
Proposition 3.5. Assuming that
Proof. It is straightforward to prove this proposition by using the initial values (3.15), (3.16), and Theorem 3.3 for u = 0.
The graphs of the bright one-soliton periodic wave solution (3.17) and two-soliton periodic wave solution (3.18) are plotted in Fig. 1 and Fig. 2 , respectively. 
Bright soliton interactions on the periodic background
In this section, we investigate some bright soliton interactions on the periodic background by using Eqs. (3.6) and (3.9) . The simple exact solution of Eq.(1.2) is the plane wave
where γ and k are real constants, and the frequency ω solves the nonlinear dispersion relation
Considering solution (4.1) as the initial seed solution of Eq.(1.2), we obtain the linear equations (2.3) and have the eigenfunction corresponding to the eigenvalue λ 1 in the form
with 
The solution of the linear eigenvalue problem (2.3) with eigenvalues λ 2 is 
Linear stability analysis
In this section, we analyze the modulational instability of the nonlinear plane waves. The phenomenon of modulational instability of nonlinear waves has a significant importance in the theory and experiment of nonlinear waves. The reason is that this phenomenon is quite relevant applications in many different branches of physics such as in condensate physics, plasma physics, hydrodynamics and nonlinear optical fibers [29] . Of particular interest for studies of stability of the solution of the NLS equation is that the envelope of a monochromatic plane wave propagates in nonlinear medium in the presence of microwave noise pulses.
As we well-known that the exact plane wave solution for the focusing NLS equation is to be linear unstable [30] . According to the method of investigating the linear stability of the NLS equation, we perform a linear stability analysis of the nonlinear plane waves solution for Eq. 
